IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-26, NO. 6, JUNE 1978

REFERENCES

{11 J. M. Osepchuk, “Microwave engineering problems in the micro-
wave oven,” presented at 1976 IEEE MTT-S Int. Microwave Symp.
Cherry Hill, NJ, June 14-16, 1976.

[2] H. Puschner, Heating With Microwaves.
Verlag, 1966, p. 176.

[3]1 S. Akhtarzad and P. B. Johns, “Analysis of a wide range of
microwave resonators: T.L.M. methods,” Electron. Lett. vol. 11, pp.
599-606, Nov. 27, 1975.

New York: Springer-

387

[4] N. Marcuvitz, Waveguide Handbook. New York: McGraw-Hill,
1951, p. 17.

[5] A. R. Von Hippel, Diclectric Materials and Applications. New
York: Wiley, 1954, p. 361.

[6] N. Marcuvitz, Waveguide Handbook. New York: McGraw~Hill,
1951, pp. 388-393.

[77 W. S. Ataras, “The field solution for a partially filled cavity,”
unpublished.

[8] S. Ramo and J. R. Whinnery, Fields and Waves in Modern Radio.
New York: Wiley, 1944, p. 395.

Characteristics of Single and Coupled
Microstrips on Anisotropic Substrates

NICOLAOS G. ALEXOPOULOS, MEMBER, IEEE, AND CLIFFORD M. KROWNE, MEMBER, IEEE

Abstract—In this paper, the effect of an anisotropic substrate on the
characteristics of covered microstrip is presented for single and coupled
lines, The Green’s function is obtained in integral and series form for an
arbitrary anisotropic substrate. Computer programs based on the method
of moments approach [1], [2] are employed and results are presented in
graphical form for impedance Z, coupling constant X, and phase velocity
0, as functions of 7, /n, (the ratio of the substrate indices of refraction).
Z, K, and v, are studied for various w/ H, S/ H, and B/ H ratios where w
is the line width (w; and w, for coupled lines), S is the separation between
coupled lines, B is the separation between ground planes, and H is the
substrate thickness,

1. INTRODUCTION

XTENSIVE results exist in the literature on the prob-
lem of microstrip lines on isotropic substrates, e.g.,
[1]-{13]. Therein, the Green’s function of the problem is
obtained either by image theory [7] or by a direct solution
to the boundary value problem [13]. In most cases a
quasi-static approach is presented, which necessitates
solution to Laplace’s equation for a given set of boundary
conditions. A series of papers [8]-{12] presents solutions to
the dispersion problem, again for isotropic substrates.
Recently {14], [15], the problem of anisotropic sub-
strates was approached strictly from the numerical point
of view. Specifically, the authors employed the method of
finite differences to obtain the impedance characteristics
of a single microstrip line over a single-crystal sapphire
substrate. Since this crystal is uniaxial, the permittivity
dyadic is strictly diagonal with a relative permittivity
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Fig. 1. Cross section of covered single microstrip geometry.

along the optical axis ¢, =11.60, while on the plane per-
pendicular to this axis e =e¢ =9.40. The authors pro-
ceeded to compute an equivalent isotropic relative permit-
tivity €., which enables them to proceed with the com-
putations of the microstrip characteristics.

In the present paper, the problem of the anisotropic
substrate is approached from the boundary value point of
view. The boundary value approach necessitates the in-
troduction of a grounded cover, although this by no
means limits the usefulness of the solution since B (see
Fig. 1) can be allowed to recede to infinity. An image
theory approach would be much more preferable, but
there appears to be no prior references on how conductors
image over anisotropic media. By employing a quasi-static
approach, the Green’s function is incorporated into two
methods of moments computer programs. These programs
provide solutions to the single and coupled microstrip
problem by employing the usual methods for the com-
putation of self and mutual capacitances, characteristic
impedances, and phase velocities. The results are pre-
sented for various values of the relative permittivities in
the x, y, and z directions, and they are shown in Figs. 24
and 6 and 7.
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II. GREEN’s FUNCTION FOR AN ANISOTROPIC
SUBSTRATE

The geometry of Fig. 1 is considered where a charged
line of p, C/m is assumed parallel to the Z axis at y = H.
The space H<y< B is assumed homogeneous and iso-
tropic with a relative permittivity ¢,. For 0<y < H (the
substrate region), the medium is anisotropic and oriented
in such a manner that the relative permittivity is given by
the following dyadic:

Cfek2 00
é=| 0 ey O (1)
0 0 €72

A quasi-static solution to the potential problem can be
obtained by solving Laplace’s equations in the two dielec-
tric regions subject to the proper boundary conditions.
One needs to solve in the anisotropic region the equation

@

Due to the infinite extent of the line in the z direction, the
problem is two dimensional. Therefore, (2) yields

V-(¢-V¢,)=0

3<1> 3¢1

*ax?

=0 ®3)

which has a solution of the form

¢,(x,y)=| a,(k) cos (l’zx)+b (k) sin (];x )}

X

-[cl(k) sinh (%)+d,(k) cosh (—nkg)-)] 4)

with k& being a continuous variable. Because of the even
symmetry in x and the fact that at the ground plane
¢1(x,0)=0, it follows that the general solution of (3) can
be written as

6:(0)= [ 4,0k cos (kx){;;h%}dk )

where n, =(¢,)!/? and n,=(¢,)"/? Using Laplace’s equa-

dk
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tion in the isotropic region (H<y < B), i.e.,
V2¢2 = (6)

one must obtain ¢,(x,y) such that ¢,(x, B)=0 at the top
ground plane and

01X V), —r-=02( Y|, — it )
while satisfying the boundary condition
);'(51_52)= =p8 (x). (®)

Normalizing the x and y variables in (6) to the same
constant n,, a general solution in region 2 is obtained in
the form

_ kx \| sinh (k(B—y)/n,)
i) = [ 06) cos (22 ){smh T )}dk.

©)

From the continuity of potentials at y = H, it follows that
A(k)=A,(k)=A(k). By employing the boundary condi-
tion at y = H which is expressed in (8), it follows that

p,8(x)=LwA(k) cos(—]:—})
-{nycoth(];H)+n—2 th[LB’:fQdek. (10)
Since

N cos(nx)dk 2 6( x) —2m8(x) (1)

—

A(k) is obtained from (10) in the form

A(k)= 27750

1 1
. {E( n.n, coth (kH/n)+nj3 coth [k(B~H)/n,] )}
(12)

Here ¢, is the permittivity of a vacuum. The potential is
now given by

hi(xy)= 27ref &

for 0< y < H, and by
dk

cos (kx/n,) sinh (ky /n,)
{n.n, cosh (kH/n,)+nj sinh (kH/n,) coth [k(B~H)/n,]} )
cos (kx/n,) sinh [ k(B —)’)/”x:[ (14)

p
$o(.y)= 2771€f 3

for H<y< B

{n.n, sinh (k(B— H)/n,) coth (kH/n,)+ n3 cosh (k(B—H)/n,)}
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If p,=1 and y = H, the Green’s function for the micro-
sirip over an anisotropic substrate is expressed simply by
the equation

® dk
¢(xH)—Zre—0f "

‘ cos (kx/n.)
{n.n, coth (kH/n,)+ n3 coth (k(B—H)/n,)} .

(15)

III. NUMERICAL ANALYSIS

In order to compute the characteristic impedance Z,
phase velocity v,, and coupling constant K parameters of
the microstrip, a numerical approach based on the
raethod of moments has been employed. Two computer
programs have been developed to compute ¢(x,H) in
(15). The first one simply evaluates (15) using a numerical
integration approach [16]. This entails separating the in-
tegration interval into two ranges: A to P and P to . If P
is chosen large enough, the coth functions will approach
one and the integration can be represented as follows:

L[k

¢(x, )=~ A

' cos (kx/n.)
{nen, coth (kH /n)+n3 coth (k(B—H)/n,)}

+ 1 wﬂc— cOS (kx).
weo(n n +n) Ay

In order for (16) to approximate ¢(x, H) well, A—0 and P
raust be such that the coth arguments 6,> 6. The lower
limit in the first integral is not set A=0 because the coth
functions blow up at k=0, preventing a correct numerical
evaluation. The second integral in (16) can be calculated
using the IBM scientific subroutine package program
SICL

The first integral can be determined using a Simpson
integration routine. The cos argument increment |A#,
must be chosen small enough to approximate the cos
oscillation behavior, A8, < 5°. This A8, value specifies the
k integration interval Ak=n A8,/ x.

The other computer program computes ¢(x, H) in (15)
through a series expression (19) derived as follows. By
analytic continuation, ¢(x,H) in (15) can be rewritten as

(16)

1
qb(x,H)—"— z_ﬂ'— Re%%

€0
| expli(/n)2)
[nxny coth (Hz/n,)+n3 coth [ ((B—H)/n,)z] ]

(17)

where z 1s a complex variable and C is the path of
integration which extends from — oo to + oo along the Re
(2z) axis and closes on the upper half z plane. It can be
easily demonstrated that z=0 is an ordinary point, and
that there exists an infinite number of poles restricted to
the Im (z) axis. By invoking the residue theorem, ¢(x, H)
can be rewritten as
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¢(x,H)=—j; Re 3 i, (18)
=

where (), denotes the residue at the pth pole. In accor-
dance with this approach, the residue series yields

o(x, H)—— 2

€ o1
exp(~ (|x7,/n,))
r,H| n, csc®(Hr,/n)+n3(v/n.) csc*((Hv/n)r,) ]
(19)
is the pth zero of the de-

where »=(B/H)—1 and r,
terminantal equation
cot (Hr/n,) n2 20)
cot (Hrr/n)  nn,’
Of interest is the special case where n,=n,=n,, i.e., that
of isotropic substrate. In this case, the parameter » is of

importance in locating the roots of r, properly. For exam-
ple, if »=1, (19) simplifies to

) —(|x|/2m) pm
‘i)(x H)___ 2 expﬁm_tlnfl_{_ n%)]p )

21

0 p=1

which agrees with the result obtained for isotropic sub-
strates by Farrar and Adams [2}.

In order to verify the accuracy of our computer pro-
grams, extensive computations were performed based on
the Green’s function given by (16) and (19). Using (19),
agreement within 5 percent was found with the results of
[2] for all cases of B/ H and w/ H for ¢, =¢,=9.6, as well
as with the results of [3] for alumina with ¢, =¢,=9.9 and
B/ H=6. For example, the case B/ H=6, w/H=1.0, and
€,=¢,=9.6 yields Z=4873 @ (N=20 partitions/line
using ANIGREEN 1) and 48.4 Q from [2]. This is a
discrepancy of 0.7 percent. (Note that n,=1. This is trug
throughout our paper.) In addition, the special case of &
single-crystal sapphire substrate with ¢, =9.40 and ¢, =
11.60 was examined. In this latter case, our results agree
within about 5 percent of the values obtained in [14] for Z
versus w/ H. Figs. 2(a) and (b) show a comparison of the
characteristic impedance Z and normalized phase velocity
v,/c versus w/H for alumina substrates with B/H=6
(c=velocity of light in a vacuum). Fig. 2(a) indicates that
the values of the characteristic impedance Z are quite
close for polycrystalline and single-crystal aluminas; in
fact, for w/ H >4.5, the two curves coalesce. On the other
hand, the two alumina materials exhibit divergent phase
velocity characteristics as evidenced by Fig. 2(b). This
latter observation underlines the fact that more precise
documentation of anisotropic substrate properties is re-
quired. To this end, computations for microstrip over
anisotropic substrates have been performed for both sin-
gle (Section IV) and coupled (Section V) microstrip lines.
The calculations in the next two sections are performed
using (19) for loosely coupled or uncoupled lines (com-
puter program ANIGREEN 1, see [17]) and (16) for
tightly coupled lines (computer program ANIGREEN 2,
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Fig. 2. (a) Single microstrip characteristic impedance Z versus

w/H(B/H=6) for alumina substrates. (b) Single microstrip phase
velocity v,/c (normalized to c) versus w/H(B/H=6) for alumina
substrates.

see [17]). Equation (16) yields coupled line parameters
which have been found to agree within 5 percent of the
alumina results found in [6]. Equation (16) also yields
results within 5 percent of Bryant and Weiss’ computer
program MSTRIP [18]. (The computer program accuracy
is increased by increasing the number of partitions into
which the line is subdivided.)

IV. SINGLE MiICROSTRIP CHARACTERISTICS

Figs. 3(a), (b), and (c) show the behavior of Z versus
n./n, for w/H=0.1, 1, and 10, respectively, with B/ H =
6. In Fig. 3(a), the relative permittivity values are normal-
ized to €,=9.9, which is the relative permittivity usually
employed in the literature for alumina substrates. It is
observed that, as w/ H increases in value from 0.1 to 10.0,
the value of Z drops considerably for all n /n,. This
behavior parallels that found in isotropic substrates
where, as w increases, a greater portion of the electric field
lines are in the substrate as opposed to the air, increasing
the effective dielectric constant and thereby decreasing Z.
For a given w/H, Z decreases as n,/n, increases. This is
due to an increase in the electric field lines in the x
direction E, with rising n, or ¢, since n, is fixed. The slope

pd
of the curves goes down with rising w/ H since E,>E,.
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Fig. 3. (a) Z versus n,/n, for alumina-like substrates; B/H=6 (per-
mittivity tensor normalized to ¢,=9.9). (b) Z versus n,/n, for
quartz-like substrates; B/H=6 (permittivity tensor normalized to
§,=4.5). (c) Z versus n,/n, for polystyrene-like substrates; B/ H=6
(permittivity tensor normalized to ¢, =2.55).

Figs. 3(b) and (c¢) show the characteristic impedance
behavior for quartz-like (SiO material) and polystyrene-
like substrates with the permittivity tensor elements being
normalized to, respectively, ¢,=4.5 and ¢,=2.55. One
notices that for a particular w/H value, Z increases in
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Fig. 4. (a) v,/c versus n,/nm, for alumina-like substrates; B/H=6
(permittivity tensor normalized to ¢,=9.9). (b) v,/c versus n./n, for
quartz-like substrates; B/H=6 (permittivity tensor normalized to

§,=4.5). (¢) v,/c versus n,/n, for polystyrene-like substrates; B/ H
2.6 (permittivity tensor noresalized to ¢ =2.55).

going from Fig. 3(a) to 3(c) (with n, getting smaller),
because n, controls E, and therefore Z.

In Figs. 4(a), (b), and (c), the normalized phase velocity
v,/ c is shown for w/H=0.1, 1, and 10 with B/H=6.0.
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Fig. 5. Cross section of covered coupled microstrip lines geometry.

As expected, these curves show lower v, /¢ values for all
w/H as the normalizing parameter ¢, increases. Also, as
w/ H increases, it is clear that v, /¢ changes very slowly as
n./n, increases and in fact, for quartz-like substrates,
v,/c=0.50 when n,/n, > 1 (w/H=10).

V. CouPLED MICROSTRIP CHARACTERISTICS

The characteristic impedance, phase velocity, and cou-
pling constant parameters of coupled pairs of microstrip
transmission lines are presented here for anisotropic sub-
strates. The microstrip conductors are assumed to be
parallel to the Z direction, separated by a distance S and,
in general, of unequal widths w,;, w,, as shown in Fig. 5.
The even- and odd-mode properties of the coupled micro-
strip have been obtained by employing the same approach
which is customary in numerous quasi-static TEM studies
of isotropic substrates, and therefore the analysis will not
be reproduced here [6]. Our results are confined to
alumina-like substrates [17]. Figs. 6(a) and (b) show the
even- and odd-mode impedance and phase velocity
plotted versus n,/n,. The results are for B/H=20, w/H
=1, and §/H=0.25 with the permittivity tensor being
normalized to €, =9.9. As in the case of isotropic sub-
strates, there exist large differences in characteristic im-
pedance values between the even and odd modes for small
S/ H. This is evidenced in Fig. 6(a) where the even-mode
impedance Z, is larger than the odd-mode impedance Z,
by roughly 25 Q for all values of n,/n,. On the other
hand, contrary to the isotropic substrate results, the nor-
malized phase velocity curves v,/c¢ for the even (v,.) and
odd (v,,) modes converge to v,,/c=0.334 and v,./c=
0.320 values for n, /n,=2.0. This indicates that v,,—1,,
can be minimized for the proper value of n,/n,. Fig. 6(c)
shows that the coupling K rises with n,/n, as expected,
due to increasing E,. K was calculated by employing the
formula [19]

G

K=—— 22
=5 (22)
with
Zo'l-l"'Ze—I.1
B 2
Z-—l__z—-l
= 02 5 €2 (23)
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Fig. 6. (a) Even- and odd-mode impedances Z, and Z, versus n,/n,
for parallel-coupled microstrip on an anisotropic alumina-like sub-
strate (¢ normalized to ¢,=9.9). w/H=1, §/H=0.25, and B/ H=20.
(b) v,. and v,, versus n./n, for parallel-coupled microstrip on an
anisotropic alumina-like substrate (¢ normalized to € =99). w JH=1,
§/H=025, and B/H=20. (c) Coupling constant K versus n,/n,
for parallel microstrip on an anisotropic alumina-like substrate (€
normalized to €,=9.9). w/H=1, S/H =025, and B/ H=20.

and

zZ'+z;!
2
Z,'+2,;!

B="2_"2 (24)

Figs. 7(a), (b), and (c) demonstrate the characteristics of
coupled microstrip lines which are of unequal width; here,
w/H=1and w,/H=2.§/H=025, B/H=20, and ¢, =
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Fig. 7. (a) Even- and odd-mode impedances Z,;, Z,,, Z,, and Z,
versus n,/n, for parallel-coupled microstrip on an anisotropic
alumina-like substrate (¢ normalized to ¢, =9.9). w,/ H=1, w,/ H=2,
S/H=0.25,and B/H=20. (b)Even- and odd-mode phase velocities
D1 Veds U,1, a0 0, Versus a, /n, for parallel-coupled microstrip on an
anisotropic alumina-like substrate (¢ normalized to 9.9). w/H=1,
wy/H=2, S/H=025, and B/H=20. (c) K versus n,/n, for paral-
lel-coupled microstrip on an anisotropic alumina-like substrate (€
normalized to ¢, =9.9). w; substrate (¢ normalized to ¢,=9.9). w|/H=
1, wy/H=2, S/H=0.25, and B/H=20.

9.9, as we had in Figs. 6(a), (b), and (c). The unequal line
widths cause the even- and odd-mode curves of Figs. 6(a),
(b), and (c) to split up into Z,,Z,,; Z,1,Z,3; Upp1,Ups2; and
Upets Upez- 10 Fig. 7(b), all phase velocities approach one
another near n, /n,=1.6. They are within one percent of
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cach other at this point. In general, for unequal but
arbitrary line widths one does not expect the solution to
yield a point where all v, are equal or nearly equal.

VI

Here we have demonstrated the effect of substrate
anisotropy on the single and coupled microstrip line char-
acteristics Z, v,, and K, assuming a quasi-static TEM
solution to hold. It is found for coupled lines that by
properly choosing the substrate material, the difference
between even- and odd-mode phase velocities can be
significantly reduced compared to using isotropic or
nearly isotropic substrates. This implies that the isolation
and directivity of microstrip couplers can be markedly
improved. One should also be able to improve the perfor-
mance of microstrip filters.

An example of a substance which possesses enough
anisotropy to make it a feasible substrate material to
demonstrate an improvement in directivity of couplers
due to a minimization in v, —uv, is pyrolytic boron
nitride (PBN). This crystal is currently being studied theo-
retically and experimentally at Watkins—Johnson Com-

pany [20].

DiscussioN
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